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Abstract 

In this note we study a new cohomology attached to a function along the 
leaves of complex foliations. We also explain how this cohomology depends 
on the function and we study a relative cohomology and a Mayer- Vietoris 
sequence related to this cohomology. 

2000 Mathematics Subject Classification: 58A10, 58A12, 53C12, 32C36. 
Key Words: complex foliations, cohomology. 

1 Introduction and preliminaries 

The study of geometry and cohomology of holomorphic foliations was initiated 
by I. Vaisman in |12l I14j . In a different way, a Dolbeault cohomology along the 
leaves of complex foliations was intensively studied by A. El Kacimi-Alaoui in 
some recent papers (see [21 [3]). On the other hand, P. Monnier in introduce a 
new cohomology of smooth manifolds, so called cohomology attached to a function. 
This cohomology was considered for the first time in [6] in the context of Poisson 
geometry, and more generally, Nambu-Poisson geometry. The main goal of this 
note is to extend some notions from [2, 3j concerning to [7J, giving a similar 
cohomology attached to a function for foliated forms of type {p, q) on complex 
foliations. In this sense, in the first section following [21 [3], we briefly recall some 
preliminaries notions about compex foliations and 9-cohomology along the leaves. 
Next, we define a Dolbeault cohomology attached to a function for foliated forms 
of type {p,q), we define an associated Bott-Chern cohomology, we explain how 
this cohomology depends on the function, we study a relative cohomology and 
a Mayer- Vietoris sequence related to this cohomology. In particular, we show 
that if the function does not vanish, then our cohomology is isomorphic with the 
Dolbeault cohomology along the leaves. The methods used here are similarly to 
those used by [7] and are closely related to those used by 

1.1 Complex foliations 

Let be a differentiable manifold of dimension 2m + n endowed with a codi- 
mension n foliation (then the dimension of J- is 2m). 
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Definition 1.1. ([3]). The fohation T is said to be complex if it can be defined 
by an open cover {f7j}, i G /, of Al and diffeomorphisms cpi : QixOi ^ Ui (where 
is an open polydisc in C™ and Oi is an open ball in M") such that, for every 
pair (i,j) G I x I with Ui n Uj 7^ (/>, the coordinate change 

(Pij = o 0, : ^7\Ui n Uj) ^ ^J\u^ n Uj) 

is of the form {z ,x') = {(f)jj{z,x),(pfj{x)) with (f)jj{z,x) holomorphic in z for x 
fixed. 

An open set U of A4 like one of the cover U is called adapted to the foliation. 
Any leaf of J-" is a complex manifold of dimension m. The notion of complex 
foliation is a natural generalization of the notion of holomorphic foliation on a 
complex manifold (see [14j). A manifold Ai with a complex foliation will be 
denoted {^A,T). With respect to local coordinates {z, x), adapted to the complex 
foliation T, the complex structure along the leaves Jjr : TqT TqJ^, is given by 

where TqT = TF ®^ C is the complexified of the tangent distribution TF. 

We also notice that the Nijenhuis tensor along the leaves associated to Jj^, 
defined by 

N^{X, Y) = 2{[J^X, J^Y] - [X, Y] - JAJtX, Y] - J^X, J^Y]}, 

vanish for every X,Y ^ T{TcF). 

Let {M,F) and {A4 ,F) he two complex foliations. A morphism from 
{M,F) to {M',F') is a differentiable mapping f : M. ^ M. which sends every 
leaf F oi F into a leaf F of F such that the restriction map f : F F is holo- 
morphic. We say that a morphism / : {A4,F) — ?• (7W , J-" ) is an isomorphism 
of complex foliations (automorphism of {A4,F) if {A4,F) = {A4 ,F)) if / is a 
diffeomorphism whose restriction to any leaf F ^ F (where F = f{F)) is a 
biholomorphism. For some examples of complex foliations, see for instance [2]. 

1.2 5jr-cohomology 

Let us consider ilP''^{F) be the space of foliated differential forms of type {p,q) 
that is, differential forms on A4 which can be written in local coordinates {z^, . . . , 
), adapted to the foliation by 



I]¥'A,iJ,(^.2;)dz^^ Adz^^ (1.1) 



where Ap = (ai . . . Cp), Bg = (61 . . . bg), and the sum is after the indices oi < 
... < Op] bi < ... < bg. Also, the coefficient functions ^^^^ are skew 
symmetric in the indices (ai, . . . , ap) and (61, . . . , bg), respectively. 
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The Cauchy-Riemann operators along the leaves, are locally defined by 
= —Al^dz" Adz^p Adz^" , drV = -^^dz'^Adz^^Adz^^. (1.2) 



These operators have the properties djr = djr = and dj^djr + dj^djr = 0. 
The diff'erential complex 

QP'^iT) % ^tP'^{F) % ...^ 0P'™(7-) 

is called the dj^-complex of (A^, J-"); its cohomology HP''^(T) is called the foliated 
Dolheault cohomology of the complex foliation {Ad,J-). Locally, the operator djr 
satisfies a Dolbeault-Grothendieck Lemma, (see [2]). 

2 5jr-cohomology attached to a function 

In this section, we consider a new 9jr-cohomology associated to a function on 
the foliated manifold {M , F) . This new cohomology is also defined in terms of 
foliated forms of type {p,q). More precisely, if is a complex foliation and 

/ is a function on A^, we define the foliated coboundary operators 

d^j : nP'''iT) ^ 17P+i'^(^) , d^jip = fd^^ - (p + q)d^f A ^, (2.1) 

d^j : nP''^{T) ^ nP'''+\T) , d^jip = fd^cp -{p + q)drf A V. (2.2) 

2 

It is easy to check that djrj = djrj = and djrjdjrj + djrjdjrj = 0. So, we 
obtain a differential complex 

QF^^{T) ^ ^P^^{F) ^ . . . ^ !^P'™(7-) (2.3) 

called the Dolheault complex associated to the function f of its cohomology 
HP''^{T) is called the Dolheault cohomology associated to the function f of complex 
foliation J-". 

More generally, for any integer k, we define the coboundary operator 

t^j : nP''^{T) ^ , t^jip = fdrv -{p + q- k)drf A ^. (2.4) 

We still have (djrj)'^ = and we denote by -ffj'^(J^) the cohomology of this 
complex. We shall restrict our attention to the cohomology H*''{T) but most 
results readily generalize to the cohomology H'''{T). 
Using (|2.2p . by direct calculus we obtain 



Proposition 2.1. If f,g G J^{M) then 

(i) djrj+g = djrj+djr^g, djTfi = 0, 'djr _f = -djrj; 

(ii) drjg = fdT,g + gdj^j - fgdjr, dj-^i = djr, djr = \{f'd-p i + \'djrj), and 
(ill) d^jiif A V) = d^jif A ^ + i-l)^'^'^^A^^J^|J. 
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2.1 Bott-Chern cohomology 
Definition 2.1. The differential complex 

_ _ _ ^p-l,g-l^jr^ d^jd^.f ^p,g^jr^ 9^.f®d^J j^p+l,«(jp) ^ nP'1+\j^) . . . (2.5) 

is called the Bott-Chern complex associated to the function f oi F and the cor- 
responding Bott-Chern cohomology groups are given by 

It is easy to see that 0^ ^ ^f BC (•^) ^tierits a bigraded algebra structure 
induced by the exterior product of these forms. The above definition imply the 
canonical map 

H'f%ci^) ^ H^f\n (2.7) 

Now, let us consider the dual of the Bott-Chern cohomology groups associated 
to the function /, given by 

called the Aeppli cohomology groups asociated to the function f of complex folia- 
tion T. 

Proposition 2.2. The exterior product induces a bilinear map 

A : Hf^l^iT) X i7;;^(^) ^ i7^+'-'''+^(^). (2.8) 

Proof. Let "0 £ O^'^(-F). If 99 is (3jrj + 9j-j)-closed and ip is 3jrj3jrj-closed 
then If Alp is djrjdjrj-closed. Also, if if is ((?j-j + 9jF,/)-closed and V' is (9jf,/ + 
9jrj)-cxact then ip Ai/j is {dj^j + 9jrj)-exact and if (p is dj^jdj^j -exact and tp is 
djrjdjrf -closed then ip Aip is {djrj + 9_7rj)-exact. 
For the last assertion, we have 

(p Alp = djrjdjrjO A ip 

= lid^j + QtMOtj - drj)e A V + (-1)^'+"^ A {dj:j - dr,m. 

□ 

In particular, we have 
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2.2 Dependence on the function 

A natural question to ask about the cohomology Hj''^{J^) is how it depends on 
the function /. Similar with the proposition 3.2. from [Tj; we explain this fact 
for our foliated cohomology. We have 

Proposition 2.3. If h G does not vanish, then the cohomologies H*'*{F) 

and Hy'{T) are isomorphic. 

Proof. For each p,q G N, consider the linear isomorphism 

^,1 , nP^1(^jr) ^ , ^,.(^) = (2.9) 

If is a foliated (p, g)-form on J-"), one checks easily that 

4>''''^\drjh^) = drj{<t>^''im, (2.10) 

so <p induces an isomorphism between the cohomologies H*''{J^) and H''*{J^). □ 

Corollary 2.1. // the foliated function f does not vanish, then H''*{T) is iso- 
morphic to the foliated Dolbeault cohomology H'''{T). 

Proof. We take /i = j in the above proposition. □ 

2.3 A Mayer- Vietoris sequence and a homotopy morphism 

Since the differential dj^j commutes with the restrictions to open subsets, one 
can construct, in the same way as for the de Rham cohomology (see [1]), a Mayer- 
Vietoris exact sequence, namely: 

Theorem 2.1. If U = {U,V} is an open cover of M, we have the long exact 
sequence 

where for [^p] G Hf^T) and {[au], [ry]) G Hf^i^lu) Hf^Tlv), we define 

= iWu], [rv]) and B{[au], [ry]) = [a\unv - rlunv]- 

Following [7J, we give 

Definition 2.2. Let (7W, J") and (A^', J-"') two complex foliations and / G 
and / G T{M ). A morphism from the pair {A4,T, f) to the pair {M. ,F,f) 
is a pair (0, a) formed by a morphism cj) : {A4,F) — )• {M. , F ) and a real valued 
function a : — )• R, such that a does not vanish on M and f o (p = af. 

If ((/>, a) is a morphism from the pair {J^,F,f) to the pair {A4' ,F' ,/) then 
the map QP''^{F') i— )• QP''^{F) defined hy ip ^ ^pTq induces an homomorphism 
in cohomology H^f[F') ^ H^''^(F). We also notice that if (p is diffeomorphism 

then H^f{F ) and H^''^{F) are isomorphic. 
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2.4 A relative cohomology 

The relative de Rham cohomology was first defined in [1| p. 78. In this subsection 
we construct a similar version for our foliated cohomology. 

Let fj, : A4 ^ M be a morphism of two complex foliations. If F is a leaf of 

{A4,J-) then under inclusion F A4 we have djr = i*d. We also notice that the 
following diagram 

F — ^ M 



^ M' 



is commutative. Then by above discussion one gets 

d^fi* = ii*d^' . (2.11) 

Indeed, for ip £ we have 

I —' I —I — ' 

= (i n)*{d ip) = fi*i *d if = /i*9jr', 

_' , 
where d denotes the corresponding operator on Ai . 

Now, if /' G T{M') then by (|2TT|) one gets 

d^,^^f'f^*=f^*d^',f- (2.12) 
Indeed, for ip G 17^'"' (J^ ) by direct calculus we have 

/' (^V) = ^*/'9j-(^V) - (p + q)djr{fj,*f') A 

= M*(9j-'j'9')- 
We define the differential complex 

where 

= n^^^T') e 17P''?-i(^) and ^^((^, V) = {8^' j'^.ff^ -8^^^.^,^). 

'2 2 — 

Taking into account djr' j' = djr^^tj' = and (j2.12p we easily verify that djr = 0. 
Denote the cohomology groups of this complex by H^f{fj,). 
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If we regraduate the complex $7^'"^ (J-") as QP''^{T) = Q^''^ ^{^), then we obtain 
an exact sequence of differential complexes 

^ n^/ii^) A nP''^{T') (2.13) 

with the obvious mappings a and /3 given by a{^p) = (0, tp) and /?((^, tp) = 93, 
respectively. From (j2.13p we have an exact sequence in cohomologies, 

. . . ^ HPfz'iJ') ^ H^fif,) A H^/iT') A H^'^iT) ^ . . . . 
M / / / M / 

It is easily seen that 5* = /U*. Here fi* denotes the corresponding map between 
cohomology groups. Let ip € QP''^{T) be a 9jr' j'-closed form, and {^,ip) G 

0,^''{fj.). Then djr{if,ip) = {0, fi*if—d-p ^^j'tp) and by the definition of the operator 
6* we have 

Hence we finally get a long exact sequence 

. . . ^ H^l'Z'iT) A A A F^f . (.F) A . . . . (2.14) 

We have 

Corollary 2.2. If the complex foliations {A4,J^) and (TW'jJ-"') are of the (n + 
2m)-th and (n + 2m )-t/i dimension, respectively, then 

(i) P* : ifp™'^^(//) — >■ H^'r^^^{J^ ) is an epimorphism, 

(a) a* : -ff''^"?/ {T) — ff^;™" (/i) is an epimorphism, 

(Hi) j3* : H^f{fi) — > H^^f^T') is an isomorphism for q > m + 1, 

(iv) a* : H^'^j,,{J^) H^f^^{fi) is an isomorphism for q > m' , 

(v) H^f{fj,) = for q > max{m + l,m'}. 

Finally, we notice that for / = 1 the operator djr defined by dj^{^p, tp) = 
/ 

{djr'ip, ^*ip — dj^ip) satisfies a Dolbeault type Lemma, namely 

Theorem 2.2. (140- '■P a foliated differential form of type {p,q) defined 
on U C A4 and tp be a foliated differential form of type {p,q — 1) defined on 

U C A4 such that djr[(p^ip) = (0,0). Then, there exists a foliated differential 
form ifi of type (p, q — 1) defined on V C U and a foliated differential form 61 

of type {p,q — 2) defined on V C U and such that {^,ip) = dj^{ipi,ipi). 
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